We write m = Πί=i V* 3 > where the Pj are distinct primes and the a j are positive integers. Following the usual conventions, we take void products to be 1 and void sums to be 0.
In 2.6-2.11 of [2] , the structure of finite commutative semigroups is discussed. In § 2, we work out this structure for S m . In § 3, we give a construction based on [2] , 3.2 and 3.3 , for all of the semicharacters of S m . In § 4, we prove that if % is a semicharacter of S m assuming a value different from 0 and 1, then Σ[aαes TO %([#]) = 0 I n § 5, we compute X( [x] ) explicitly in terms of the integer x, for an arbitrary semicharacter X of S m . In § 6, we discuss the structure of the semigroup of all semicharacters of S m .
Our interest in S m arose from seeing the interesting paper [4] of Parίzek and Schwarz. Some of their results appear in somewhat different form in § 2. Other writers ( [1] , [5] , [6] , [7] ) have also dealt with S m from various points of view. In particular, a number of the results of §2 appear in [6] and in more detail in [7] . We have also benefitted from conversations with R. S. Pierce.
2. The structure of S m . Let G be any finite commutative semigroup, and let a denote an idempotent of G. The sets T a = {x : x e G, x m = a for some positive integer m} are pairwise disjoint subsemigroups of G whose union is G. The set U a = {x : x e T a , x ι = x for some positive integer 1} is a subgroup of G and is the largest subgroup of G that contains a. For a complete discussion, see [2] , 2.6-2.11. In the present section, we identify the idempotents a of S m and the sets T a and U a . We first prove a lemma. (j -1, , r) . If c 0 is a solution of (1), then all solutions of (1) In this section, we apply the construction of [2], 3.2 and 3.3 , to obtain the semicharacters of S m . In § 5, we will give a second construction of the semicharacters of S m , more explicit than the present one, and independent of [2] , This construction will enable us to identify X m as a semigroup ( § 6).
LEMMA. Let x be any non-zero integer, written in the form
Theorems 3.2 and 3.3 of [2] give a description of all semicharacters of S m in terms of the groups U a . Let χ a be any character of the group U a . We extend χ a to a function on all of S m in the following way:
The set of all such functions X is the set X m .
THEOREM. The semigroup X m has exactly
elements.
Proof. For each idempotent a -[pi 1
p^c] as in 2.2, (1) yields as many distinct semicharacters of S m as there are characters of the group U a . The group U a has just as many characters as elements. By 2.5, U a consists of
elements. Also, distinct idempotents a and b of S m yield distinct semicharacters of S m under the definition (1) . Therefore the number of elements in X m is
The sums in (2) are taken over all sequences {8 lf , δ r } where each δ, is 0 or a 3 . (1) 
THEOREM. Let X be a semicharacter of S m as given in
and (x y m) ~ 1. The congruence (3) is equivalent to
Since d is relatively prime to the modulus in (4), the congruence (4) has a solution x 0 . We determine x as a number where I is an integer for which
satisfies (3) and the condition (x, m) = 1.
Let {X 19
, λ r } be a sequence of integers such that 0 ^ λ^ ^ a ό (jf = i ? .. , r), and consider the set V (X 19 , In this section, we compute explicitly all of the semicharacters of S m . The case m even is a little different from the case m odd. When m is even, we will take Pi = 2. To compute the semicharacters of S m9 we need to examine the structure of S m in more detail than was done in §3. For this purpose, we fix once and for all the following numbers. (mod ^) .
The number e,(x) is uniquely determined modulo <p(pp). For p x = 2, let e x -e x (x) be any positive integer such that a(x) = (-i)^^)-!)/^!^) (mod pfi) .
For «! ^ 3, e x {x) exists and is uniquely determined modulo p* 1 ' 2 (see [3] 
.7=1 )=1
Therefore A(x) = x (mod m) if m is even. If m is odd, then for w = 1, , r, we have
Therefore A(x) = x (mod m) if m is even or odd.
Suppose that X is any semicharacter of S m . Let ψ be the function defined for all integers x by the relation ψ(x) = Z([#]).
Then ψ is obviously a semicharacter of the integers under multiplication, and ψ(x) = ψ»(y) if x = ?/ (mod m). We will construct the semicharacters of S m by finding all of the functions ψ with these properties. As 5.2 shows, ψ is determined by its values on h o ,h lf ' *,h r and q 19 •• ,g r . We now set down relations involving the h's and q's which restrict the values that ψ can assume on these integers. 
If pj is odd, then

Finally, we define ψ(0) = ψ(m).
The q's, Λ's, and it's appearing in (1) and (3) were fixed once and for all in terms of m. The α>'s and μ's are at our disposal and serve to define ψ. The β's are determined uniquely from x; but the e's are not. As noted in 5.2, e^ is determined modulo φ(pf j ) if p 3 is odd, and e x is determined modulo pf 
We now prove that ψ(xy) = ψ(x)ψ(y).
Since ψ is obviously bounded and not identically zero, this will show that ψ is a semicharacter.
Suppose first that x Φ 0, y Φ 0. Then we have
J=i
3=1 3=1
Therefore a(xy) = a(x)a(y) and βj ( (4) ψ
If m is even and ^(OJ) = 0, we have (14), (4), and (5) show that ψ(x) = ψ(y). If m is even and β^x) -0, we multiply (12), (13), and (14) together. Comparing the result with (6) and (7) For pj odd, the number of possible values of ω 3 is <p(pp) if /^^ = 0 and 1 if μ 3 = 1. Hence this number is φ{pp {1~^) ). For p 1 -2, there are several cases to consider (μ 1 = 0 or 1, a λ = 1, a λ = 2, a λ Ξ> 3). In each case, it is easy to see that the number of admissible pairs {ω 0 , ω x } is φ (2 aia~μ ' l) ) be the parameters as in 5.6 that determine X and %', respectively. The product XX r then has as its parameters (1) G"i/4, , μ r μ' r ; ^oωί, ωX, , ω r ω' r ) .
Thus, all of the %'s in X OT for which the μ's are a fixed sequence of 0's and Γs form a group, plainly the direct product of cyclic groups, one corresponding to each zero value of μ. These are maximal subgroups of X m9 and X m is the union of these subgroups. The multiplication rule (1) shows clearly how elements of different subgroups are multiplied.
The rule (1) shows also that X m resembles a direct product of groups and {0,1} semigroups. It fails to be one because of the condition in 5.6 that μ ό = 1 implies ω ό = 1.
6.2. The characters modulo m of number theory (see [3] , p. 83) are of course among the semicharacters that we have computed. They are exactly those for which μ 1 -μ 2 = = μ r = 0. In the description of § 3, they are the semicharacters that are characters on the group G m and are 0 elsewhere on S m .
6.3. We can also map X m into S m9 and represent X m as a subset of S m with a new definition of multiplication. Let X be in X m and let X have parameters (μ lf , μ r ; ω 0 , ω lf , ω r ). For m odd and j = 0,1, • , r or m even and j = 0, 2, 3, , r, let w, be any integer such that ω 3 -exp (2πiw j 
lφ(pp)).
For m even and a λ = 1 or 2, let w x = 0; for m even and a ± ^ 3, let ^ be any integer such that ω λ = exp (2πiwJ2 ai~2 ) Λ We now define the mapping Proof. Suppose that X and X r are semicharacters of S m with parameters as in 6.1. Suppose that τ(χ) = τ(χ')> that is, 
